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ABSTRACT 


The amalgamation class Amal( /) of a lattice variety generated by a pentagon is 
considered. It is shown that Amal( 4) is closed under reduced products and therefore is an 
elementary class determined by Horn sentences. The above result is based on a new 
characterization of Amal(.#). The lattice varieties whose amalgamation classes contain 


Amal( /) as a subclass are considered. 
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INTRODUCTION 


We consider the amalgamation class Amal( /) of a lattice variety generated by the 
pentagon. The central result of the paper is Theorem 3.1, that Amal( №) is an elementary 
class. It is closed under reduced products and therefore is determined by Horn sentences 
Furthermore, if B is a subdirect power of the pentagon and also an image of A є Amal( 4), 
then B e Amal( 4). 

This result contrasts with the following of Bergman (see [2] Theorem 2): If Vis a 
variety generated by a finite modular lattice then Amal( 7) is not an elementary class. 

The proof of Theorem 3.1 is based on Theorem 2.2 which gives a new 
characterization of membership of Amal( £). The first characterization was given by 
Borgman (sco [9] Theorem 6.2). 

The examples of lattice varieties whose amalgamation class contains Amal( /) as a 


subclass are considered in Proposition 4.1. 


0. PRELIMINARIES 


0.1 Notation, Terminology and some required results. 


0.1.1 Let u/v be a quotient of a lattice L. We shall say that u/v is an N—quotient 
of L if, for some 2 є L the set {u,v,z} generates a sublattice of L isomorphic to a pentagon 
N (see Figure 1) with u/v as a critical quotient of this pentagon. In this case we write 


N(u/v, z). (Note that c/a is a critical quotient of N in Figure 1). 


0.1.2 We shall use 1, 2, and 3 to denote one—, two— and three-element chains 
respectively. If X ¥2 (X ¥ 3) and X is a sublattice of a lattice L we say that X is a 2— 


(3—) sublattice of L if there is a retraction of L onto X. 


Corollary Let {p>q} < N and assume that {p,q} # {c,a}. If K is any sublattice 
of N which contains {p,q}, then {p,q} is a 2-subset of К. 


Figure 1 


0.1.3 Con(A) denotes the congruence lattice of an algebra A. The smallest 


congruence on A which identifies a, b є A is denoted Con(a,b). 


0.1.4 Let f: A=B bean epimorphism. The kernel of f, kerf, is called a 
B-congruence on A. 


0.1.5 Let A- ie Ai be a product of algebras. The congruence p on А is said to 
ie 

be filtral if it is induced by an ultrafilter on I. It is well-known that if (A; ieljisa 

finite set of finite algebras then every filtral congruence is an A, —congruence for some 


i el. 


Let A be congruence distributive. We shall frequently use the following 
fundamental result: 
Jónsson's Lemma: If B is a subalgebra of A and 0 є Con(B) is completely meet irreducible 
then there is a filtral congruence y on A such that p| вс 


0.1.6 Let A be as in 0.1.5. A subalgebra В of A is regular if for any two kernels 0, 
. 0, of distinct projections on A we have 0.|,, + Oil p: : = тч. - TES p le 
i 0.1.7 The variety generated by N is denoted %. The last two statements of this 


subsection are concerned with members of 4. 


0.1.8 Let № be a congruence on a lattice L. Call y distributive if L/y is a 


distributive lattice. 


Corollary Let Le Jf. Then y є Con(L) is the smallest distributive congruence 
on L if and only if 

y = n 0, = У Con(us/v;s) 
where (4: i e I} is the set of all 2-congruences on L and (us/vs : s € S). is the set of all 


N-quotients of L (certainly if L is distributive S = 4). 


0.1.9 Let A be a subdirect power of N and let p/q be a non-trivial quotient of A. 
Then for some N—congruence pon A we have (p,q) £ p sothat (p/y)/(q/y) isa 
non-trivial quotient of a pentagon A/y. Since the pentagon is a projective lattice, there is 
an N—quotient u/v of A such that (u/y)/(v/y) is a critical quotient of the pentagon A/y. 
Since (u/y)/(v/g) projects weakly onto (p/y)/(v/y) in A/g it follows that there is a 
quotient u’/v’ of A which projects weakly onto both u/v and p/q in at most five steps 
(see [11]). Since A € / we have that u'/v' is an N—quotient (see [10]). Thus A is a 
subdirect power of N if and only if for any non-trivial quotient p/q of A there is an 


N-quotient u/v of A which projects weakly onto p/q in at most five steps. 


Although the following result is known we shall prove it to make the paper 


self—contained. 


Lemma Let B be a reduced product of the family {A;: i eI} and assume that each 
Ai is a subdirect power of N. Then B is a subdirect power of N. 


Proof: Let A = IL A; and peCon(A) such that A/j = B. Let Ø be a filter on I 


>= 


which induces y. Let (p/Y)/(a/W) be a non-trivial quotient of B (p,q є A). Then 
X = fi el: porate D 

Since each A, is a subdirect power of N for any i є X there is an N—quotient uv. 
of Ai such that п/у, projects weakly onto p,/4, in at most five steps. Consider a 
quotient u/v of A which is described as follows: 

If i e X then u/v, is an N-quotient which projects onto P/a; 

Hig X then a Y 
Then u/v is an N-quotient which projects weakly on p/q in A so that (u/%)/(v/%) 

is an N—quotient in B which projects weakly onto (р/%)/(9/%). 


0.2 Absolute Retracts and Amalgamation in some congruence distributive varieties. 
By a diagram in a variety У ме mean a quintuple (A, f, B, g, C) with A, B, Ce У 


and embeddings f: A+B, g: A-C. By an amalgam іп Yof this diagram we mean a 
triple (D, fj, 81) with D є Yand fj: B+D,g;: C+D embeddings such that 


ff, = 8 By: If such an amalgam exists we say that the diagram can be amalgamated in 7. 


An algebra A є Yis called an amalgamation base for 7 if every diagram (A, f, В, g, C) 
can be amalgamated in У. The class of all amalgamation bases for Vis called the 
amalgamation class and is denoted Amal( 7). 

It is known that Amal( 7) is a proper class ([12]). 

An algebra А є Yis said to be an absolute retract іп 7 і for any embedding 
f: A-B e Y there is an epimorphism g: B - A such that gf is an identity map on A. 


Absolute retracts of a variety Y belong to Amal( 7) (see[1] Proposition 3.2). 


Example 0.2.1. Let Y be a residually small, congruence distributive variety. Then 


the collection of subdirectly irreducible members of ¥ forms a set (up to equivalence). 


The subdirectly irreducible members which have no essential extensions are absolute 
retracts іп У (see [1]). We call them maximal subdirectly irreducible members of 7. The 
set of maximal subdirectly irreducible members of Y is denoted by Ум 

For instance if # is the variety generated by a pentagon then AMI = NX. 
Similarly if .Z is the variety generated by any lattice L then L is the only absolute retract 
of .Z (see Figures 2 & 3). 


The proof of the following result may be found in [3] and [7]. 


Theorem 0.2.2. Let У be а residually small, congruence distributive variety and 
assume that every member of 7 has a one-element subalgebra. Then 
(1) Amal( 7) is closed under finite products. 
(2) A Amal( 7) iff for any embedding f: A-B є 7 and any homomorphism 
g АУМ є Ум there is а homomorphism h: В + М such that g = hf. 
(3) А product of absolute retracts of Yis an absolute retract and therefore 


belongs to Amal( 7). 


Example 0.2.3. (1) Let L be one of the lattices of Figures 1, 2 or 3 and let Y bea 
variety generated by L. Then for an arbitrary index set I the direct power Li isan 


absolute retract in У and therefore belongs to Amal( 7). 


(2) We show later (Proposition 4.1) that if L = Li» Lọ or L = is 
for some n є w then Amal( 4) с Amal( 7). On the other hand, if L є (La, >> L44}, then 
Amal( 4) is not contained in Amal( Y). This can easily be seen from Theorem 0.2.2 (2): 
consider embeddings f and g of N into L such that f(b) — b, and g(b) = b». Then there is 
noh: L- L such that g = hf. 


The proof of the following lemma can be found in [6]. 


— meg 


Lemma 0.2.4. Let У be ap arbitrary variety. A diagram (A, fọ By fy Bi) can be 
amalgamated in Y iff for (i, j} = (0, 1) and a t b € B, thereis an algebra D є 7 and 
homomorphisms g: В; 4D and h: Bj 4D such that gf; = hf, and g(a) + g(b). 


1. CONGRUENCES & HOMOMORPHISMS 


The results of this section are mainly technical. They are needed to prove 


Theorems 2.2 and 3.1. 
1.1 Pinitely generated congruence distributive varieties. 


етта 1.1.1. Let У be a congruence distributive variety generated by a finite set 


(Mi, vy M,} of its finite maximal subdirectly irreducible members. Suppose further that, е 


for distinct i, j є (1, ..., n), Mi is not an image of a subalgebra of M; Then if A < Ве У, 


every M.—congruence on A can be extended to an M;—congruence on B. 
1 


I I 
1 k | 
Proof: Since we have B < М, Xe S where $,, ---, 8y, € (1, ..., n}, it suffices 
1, Ik 
to prove the lemma under the assumption that B = M, x..xM s Let 0 be an 


M.—congruence on A. By Jónsson’s Lemma there is а filtral congruence № є Con(B) 
i 


such that y| AC 0. Since the set {s аз зү} is finite and each мү, ct. M isalso = — 


finite, we have B/y 2 M, for some t c (1, ..., К}. 1t follows from the second 
t 


assumption of the lemma that Ф| д = 0 so that M s, =M; 


Corollary 1.1.2. Let 7 be asin Lemma 1.1.1 and let B and C be products of 


members of {М у, ..., My). If Е A+B and g: А - С are subdirect representations then A 


the diagram (A, f, B, g, С) can be amalgamated in 7. 


— 


Proof: We use Lemma 0.2.4. Let u ў v € B so that z(u) + z(v) for some projection 
т оп B. Since f is a subdirect representation the map 7f is an epimorphism of A 


onto some member of {M}, ..., M,}. It follows from Lemma 1.1.1 that there is a 


map h on C such that hg = af. 


Corollary 1.1.3. Let У be as in Lemma 1.1.1 and assume that A is a subdirect 
product of members of Ymr Then A e Amal( 7) iff for any regular sudirect 
representation f: A+B and any homomorphism k: A-M e MI there is a 
homomorphism һ:В- М such that k = hf. 
Proof: The necessity follows from Theorem 0.2.2 (2). To prove that the conditions 
are sufficient we have to show that if B, C are products of members of MI and 
f: A+B, р: А - С are embeddings, then the diagram (A, f, В, g, C) can be 
amalgamated in 7. (This is because every member of 7 is embeddable into а 
product of members of 77,1.). 
Now since A is a subdirect product of members of ap the embeddings f 
and g induce regular subdirect representations f: A+B’ < B and 
g: A2 C' € B (see Figure 4). By Corollary 1.1.2 the diagram (A,f,B’,g’,C’) has 
an amalgam II. We may assume Н є Amal( 7). To complete the proof it is 
sufficient to show that the diagrams (A, f, B, f', B’) and (A, g, C, g’, С’) have 
amalgams (D, s}, t) and (E, 1,, m). Indeed, if such amalgams exist then, since В’, 
С? c Amal( 7) by Theorem 0.2.2 (3)), the diagrams (B’, q, H, t, D) and 
(C, m, E, p, H) will have amalgams (F, v, So) and (G, u, 1). 


Figure 4 
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Further, since H є Amal( 7), the diagram (H, v, F, u, G) will have an 
amalgam (X, s4, t4) so that (X, sasos,, ДАЙ) is an amalgam of (A, f, B, g, C). 


So by symmetry we have to show that the diagram (А, f, B, P, В’) has an 


I I 
1 n 
amalgam (D, Sp t). We use Lemma 0.2.4. We have B = M, Kin A M, and 
3 J, 
B'=M, 1Х..ХМ, У wherey<n andJ, CI, ,...,J, CI, . Nowlet 
2 2 2 2 2 2, 
1 у 1 1 у у 


z $ w € B so that п(2) + z(w) for some projection топ B. Then zf is a 
homomorphism of А into some member of Уу so that by the assumption of the 
corollary there is a homomorphism h on B' into the same member of Уу such 


that hf = 7f. 


Lemma 1.2.2. Let А < Be # Then the following are equivalent: 
(1) Every 2—congruence on A can be extended to a 2-congruence on В. 
(2) If 015 a distributive congruence on A and u/v is an N-guotient of B then 
Con(u,v)| AC. 
Proof: Let VA and Un be the smallest distributive congruences on А and B 
respectively. Consider the following sets: 
Xp — the set of all 2-congruences on B 
ХА = {06 Xp: 9|, is а 2-congruence on A} 
Тв = the set of all N-guotients of B 
T A= the set of all N—quotients of A. 


Si . H . A 
Finally let z # w є В’ and let x be a projection on В’ such that z(z) # x(w). ince T, C Тр we have the following in the lattice Con(B): 


Since Р is a subdirect representation, mf’ is an epimorphism of A onto some member 
X Con(uv)c У Con(u,v). 


of Mr It follows from Lemma 1.1.1 that there is an epimorphism h on B onto the 
u/ eT y u/, Тв 


same member of MI such that hf = af’. This completes the proof. 


Thus we have ўд = у in (Con(u,v)| д) с / n (Con(u,v)| д) = %g 14: 


12 Оп extension of 2-congruences of members of 4. u/yeTy u/ € Ty 


One of the main properties of members of Amal( „#/) is described in the following Now (1) holds iff y AT (n X A) | A 
simple 


Lemma 1.2.1. Let A є Amal( /) and А < B є W. Then every 2—congruence on A 


Further, since X AC Xp we have 


(пх Ад 2 (01Хв)| = pla =( j р P Con(u,v))| д. 
TAG 
can be extended to a 2—congruence on B. vB 
Proof: Let g: А ә ЇЧ bea homomorphism with g(A) * 2 and g(A) + {a,c} (see 
Thus (1) holds iff yAT(,X Соп(и,у))| д iff (2) holds. 
Figure 1). By Theorem 0.2.2 (2) there is h: B ^ N such that h(A) = g(A). By u/ € Tg 
Corollary 0.1.2 there is a retraction k from h(A) onto g(A) so that the kernel of 


kh is a 2—congruence on B which extends kerg. 


‹ 
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СогоПагу 1.2.3. Let f: A+B є # be an embedding and assume that every 
2 congruence on (A) can be extended Lo a2 congruence on B. "Гена Cas a finite 
Boolean algebra and g: A ^ C is an epimorphism, there is an epimorphism h: B = C such 


that g = hf. 


Corollary 1.2.4. Let n! be a direct power of the pentagon and let f: Аз м! be 
an embedding. Assume that every 2—congruence on f(A) can be extended to a 
2—congruence on ni if g: A=N isa homomorphism such that g(A) “3 and the critical 
quotient of N is a sublattice of g(A) then there is no h: NI. N such that E = hf. 

Proof: It follows from Lemma 1.2.2 that if such h existed, then (+) would be a 
distributive sublattice of N. However, since the critical quotient of N is a sublattice 
of g(A), the lattice h(Nl) must be a chain having at least three elements. This is 
impossible since every distributive image of N! is a Boolean algebra (see also [2] 


Theorem 7). 


Our next result is concerned with restrictions of 2—congruences of a product of 


members of into its factors. 


Lemma 1.2.5. Let A= П A, be a product of members of £. If Visa 
yea 


2-congruence on A then for some ¥ € a there is an embedding A 4$ A such that 0| A IS 
Y 
a 2—congruence on A т 
Proof: Let {u > v) C A such that A/0 = (u/0, v/0) and let 
2 = (Pea: ug? vgl- 
(Here Ug and v pare the p coordinates of u and v respectively). 
Consider two possible cases: 


Case 1: for some 7 є 2 the set {u,> vy} C A, is a 2—subset of Ay 
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Let f: АР 2 = {0,1} be an epimorphism with Қа.) = land Kv.) = 0. Consider 
an embedding A, < A given by 
xax (x € A,» x cA) 

which can be described as follows: 
(1) x, =x 
(2) peN and 84 y then 

х= if (x) = land 

х= pif f(x) = 0. 
(3  I1fge(o-Q) then х= Ug= 


B 
It follows from (1), (2) and (3) that (u» v) c A, S A sothat(|, isa 
T 


2—congruence on Ay 
Case 2: Not Case 1, i.e. for any 3 є N the set lug» vg) C Ag is not a 2—subset of 
Ag 

Since @ is completely meet irreducible in Con(A), by Jónsson's Lemma there 
is a filtral congruence y on A such that с 0. Let 9 be an ultrafilter on a which 
induces y. We have 0 є Ø. Furthermore it follows from the assumption which is 
made in Case 2 that, for any fj є N, the set {6} does not belong to 9. Thus 
(Q — {6}) € D for Be €. Choose any у € A. Since (v, » vah с A» the lattice A, 
is non-trivial and, since Ay € M, there is at least one epimorphism 
f: кз 2 = (0,1). Consider an embedding ^„ < A associated with f which is 
similar to that of Case 1. Let {x > y) c A, be such that f(x) = 1 and f(y) = 0. lt 
follows that 0/0 = х/0 and у/0 = у/0 so that 0| A, is a 2—congruence on A Y 


For our next result we assume that B is a subdirect power of N and B is an image of 


A e Amal( 4). Let Q є Con(A) be such that А/О У B. Fora A we let a є B be an image 
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of а/ 0 under the isomorphism between A/N and В. Also if 0 є Con(A) with Q < Owelet ~~~ 


0 є Con(B) be the image of 0 under the isomorphism between the principal filter in Con(A) 
generated by N and the lattice Con(B). 


-Proposition 1.2.6. Let B < м! be a regular subdirect representation. If 0іѕ а 


2—congruence on B then 0 can be extended to a 2—congruence on ul, 


Let te, 5 € S) be the set of all N—congruences on А, so that each 9, is a kernel of 
an epimorphism of A onto N. Since the subdirect representation B < n! in Proposition 
1.2.6 is regular we may assume that I C S. Let J = S-I so that КЫ = Nx м). 

Consider a subdirect representation А < NS such that for a є A: 

aj = а, ifiel 
a= (a/ e eN ifjeJ. 

Let 0 є Con(B) as in Proposition 1.2.6 and consider (u > v) c B such that 
B/0 = {u/0, v/0}. Then for {u > v) с A we have A/0 = (u/0, v/0). Since A є Amal( 4), 
by Lemma 1.2.1 0 can be extended to a 2—congruence Ў on N S, By Jónsson’s Lemma there 
is а filtral congruence ў on NS such that wc X. Let ØJ be an ultrafilter on S which induces 
№. Since КЫТ, SN and NŠ/E = (u/E, v/X) we have that for some {p,q} # {a,c} (see 
Figure 1) the set X = (seS: u, =P > = v,) belongs to 2. Now if (X n I)e Ø then 


th coordinates as ū 


Proposition 1.2.6 holds at once since, for i e I, u and v have the same i 
and v. So assume that (XN J) = Y є 9. In order to prove Proposition 1.2.6 under this 


assumption we need a lemma. 


Le 2.1. (1) There is an embedding f: В -NS such that Elp) =? 


(2) There is an embedding g: NI. N9 such that | = Д ша 
a(n") 
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2-congruence on NI. 
(3) Let h: Nl- NS bean embedding such that for y, z € м! 
fh(y); = у; fori el 
[ә]; = [аЛ for j eJ. 
Then there is a 2—congruence У’ on N such that м) = А where A is as in (2). 
Proof: (1) Let t: B^2 = (0, 1} be an epimorphism with kert = 7. Then f can be 
described as follows: 
[(а)], = a =a; fora eB andi eI. 
For y é Y, (а), жора ч, if (а) = 1 and 
(0а), Be Y, if t(a) = 0. 
For s e S — (I U Y)anda, bc B [(а))„ = [f(b)).. 


(2) The idea here is similar to the one in the proof of (1). Consider any 
epimorphism t: ni. 2 = (0,1). Then g is described as follows: 
[g(k)]; = k; fork e N andi e 1. 
For y e Y, (g(k)1, =р =й, ift(k) 2 1 and 

Ig), = a = vy if t(k) = 0. 


For s € S — (I U Y) and k, 1 e N', (g(k)], = [e(],. 


(3) Let h: Na М5 be asin (3) and g: N! a NS be as in (2). Since N! e 
Amal( 4) (see Theorem 0.2.2 (3) and Example 0.2.1), the diagram (Nl, g, h, N°) 
has an amalgam (Q, Ep hg) with Q e J. (see Figure 5). Since NS. Amal( 7), by 
Lemma 1.2.1, X can be extended to a 2—congruence П on Q. Letting 


Y= Th (NS) we have Ук) = А. 


16 


Figure 5 


Proof of Proposition 1.2.6. 
As we noticed before we only need to consider the case (X n J) = Y є 9. Let f and 
h be as in Lemma 1.2.7 (1) and (3). Since B < М and h: Na NS we an consider 
a diagram (B, f h, NS). Since the variety of all lattices watinlien the ainalgamation 
property (see [8]), the above diagram has an amalgam (R, fo» ho) where К is a 


lattice not necessarily in #. (see Figure 6). The proposition follows now from 


Lemma 1.2.7 since 0 = БВ) = Plin (В) = Aln В) А 


Figure 6 
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2. MEMBE F AMAL 


In this section we consider the non-trivial members of Amal( £). The following 


characterization theorem can be found in [9]. 


Theorem 2.1. (1) (Bergman). A lattice А є f belongs to Amal( /) iff A is a 

congruence extensile, subdirect power of N and for any subdirect representation f Aa ni 

and any homomorphism р: А ғ N there is a homomorphism h: N! -N such that g = М. 
(2) A finite lattice A є 4 belongs to Amal( 4) iff A is a subdirect 


power of N and does not have 3 as a homomorphic image. 


Our next theorem gives a characterization of membership of Amal( /) which is 


‚ different from that in Theorem 2.1 (1). This characterization is crucial for the proof of 


Theorem 3.1: 
Theorem 2.2. For А є У, the following are equivalent: 

(1) A e Amal( 4). 

(2) If A < B € X, then every 2-congruence on А can be extended to а 2—congruence 
on B and 3 is not an image of A. 

(3) A is a subdirect power of N and for any regular subdirect representation 
f Аз Ni and any homomorphism g: А ~ № there is a homomorphism h: м! 4N such 
that g — hf. 

(4) A is a subdirect power of N, 3 is not an image of А and if f: Аз Nlisa regular 
subdirect representation then any 2—congruence on А can be extended to a 2-congruence 
on ul. 

Proof: (1) э (2). If A e Amal( /) and A < B є then by Lemma 1.2.1 
every 2—congruence on A can be extended to a 2—congruence on B. Further, 
Theorem 0.2.2 (2) and Corollary 1.2.4 jointly imply that 3 is not an image of A. 

(2) э (1). Tf (2) holds then to show that (1) holds we again use Theorem 

0.2.2 (2). Let g: А -=N be a homomorphism and f: A+B є f be an embedding. 
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Since 3 is not an image of А we have that g(A) must be isomorphic to one of the 
following lattices: 1, №, 2 or 2x2. For non-trivial cases: If g(A) > N then the 
existence of h follows from Lemma 1.1.1. If g(A) = 2 of g(A) 2x2 the existence 
of h follows from Corollary 1.2.3. 

(1) э (3) follows from Theorem 2.1 (1). 

Now by Corollary 1.2.4, (3) implies (4). 

(4) э (1). By Corollary 1.1.3 we have to show that if g: A+ Nisa 


homomorphism then there is h: м! 


= N such that hf = р. By assumption the 
non-trivial images of A under g are N, 2 or 2 x 2, so that one can use arguments 


similar to those in the proof (2) э (1). 


Corollary 2.3. If A є Amal( /) then every finite distributive image of A is a Boolean 
algebra. 
Proof: The corollary follows from Theorem 2.2 since 3 is not an image of A. 


We are now going to consider certain extensions of members of 4 which belong to 


Amal(./) (see Proposition 2.5). 


We first need the following 
Lemma 24. Let 9%) 0, be 2—congruences on B є 4 with 2-sublattices {u > v) 
and {w > z} of B such that B/0, = (u/0,,, v/ 0g} and B/0, = {w/0,,2/0,}. Assume the 
following: For some A є Amal(./) and embeddings fo fj; A-B, the restrictions 
CSI % and f,(A)| 0, are distinct 2-congruences on A. Then р = (5 N 0, is not a 


3—congruence оп B. 
Proof: Suppose that В/ р” 3. Since 3 is a projective lattice we may assume that 


= w so that B/y = {u/y, v/v, 2/0). Then for k є B there is t e (u, v, z} such 


ee 


that (k, t) < (00 nj). Since 0)! (A) and 0, | f(A) are distinct 2 congruences on 
A without loss of generality we may assume that (u, у) с fo(A) and (v, z} с f(A). 
Let D є # be an amalgam of the diagram (A, fo; fp B). By Theorem 2.2 (2) Op; 
0, can be extended to 2—congruences Dy [A on D. Let 9 = [^ n B. Then у 


restricted on (А) = f (A) is а 3-congruence on A which contradicts Theorem 2.2. 


As a corollary we have the following 


Proposition 2.5. Let B є 4, and assume that, for any distinct 2—congruences % 
and 0, on B there is A є Amal( /) and embeddings fọ, f: A ~ В such that (А)! 0. and 
0 


f,(A)| p are distinct 2-congruences on A. Then B є Amal( 4). 
1 


Proof: It follows from the given conditions that if B < C є / then every 
2—congruence on B can be extended to a 2—congruence on С. Further from 
Lemma 2.4, B does not have 3—congruences. The proposition now follows from 


Theorem 2.2. 
3. THE MAIN THEOREM 
The principal result of this paper is the following 


Theorem 3.1. Amal( /) is an elementary class. It is closed under reduced products 
and therefore is determined by Horn sentences. Furthermore, if B is an image of A € 
Amal( У) and B is a subdirect power of the pentagon then B є Amal( 4). 

Proof: We first prove the last statement of the theorem. Let B be a subdirect 
power of N and assume that B is an image of A є Amal( 4). It follows from 
Proposition 1.2.6 that if B < n! is any regular subdirect representation then any 
2—congruence on B can be extended to a 2—congruence on Nl. Since A « Amal( 4), 


the lattice 3 is not an image of A and therefore 3 cannot be an image of B. Thus 
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B c Amal( ~) by Theorem 2.2 (2). 
Next we show that Amal( 4) is closed under direct products. Let 


A= П A, bea direct product of members of Amal( /). We use Proposition 2.5, 
yea 


that is we prove that A є Amal( 4) by showing that for any distinct congruences 
(y, 0; on A there is y є a and embeddings fọ, f}: A, = A such that бое (А) and 
011 t A) are distinct 2—congruences on А 4 Now if 0) and 0 are distinct 
congruences on A then A/( 0 п 0) is isomorphic either to d or 2 x 2. In either case 
wehaveu,v,ze A with u > v > z such that 

(u,v) £ 00 (v,z) є 0, and 

(v,2) £ б, (u,v) € 00. 
By Jónsson's Lemma there are filtral congruences Yp, 9, on A such that Po C % 
and [28s 0,. Let 4 апі 2 be ultrafilters which induce апа 91: We have | 

R=(fea: ug > vgl * E 

S={fea vg? zp) € 9. 
Since u > v >z we have RAS £ v. Pick ye (RAS). There are three possible 
cases: 

(1) The set {7} belongs to both 4 and 2, 

(2) (7) belongs to neither Z) nor %. 

(3) (4) belongs to one ultrafilter and not the other. 

If (1) holds then fp, f, can be any embeddings satisfying: 

(foG9],, =х= (f 91, for all x € Ay 

Suppose (2) holds. Then (R — (7)) є 4 and (S — {7}) є A. Since A, isa 
subdirect power of N, there are at least two distinct epimorphisms 
kt A 47 2 = (0,1). Thus one can define embeddings fo» fi which are associated 

with k and t similar to those in the proof of Case 1 of Lemma 1.2.6. The case (3) is a 


combination of (1) and (2). 


21 


t — н 


Thus we have shown that every direct product of members of Amal( 4) 
belongs to Amal( 4). Now if B is a reduced product of members of Amal( ./) then 
B must be a subdirect power of N (see Lemma 0.1.9). On the other hand B is an 
image of a product A of members of Amal( У). Since A € Amal( /) it follows that 
B є Amal( 4). In particular every ultraproduct of members of Amal( 4) belongs to 
Amal( 4) so that Amal( 4) is an elementary class (see [12]). It is determined by 


Horn sentences since it is closed under reduced products (see [4]). 


4. EXAMPLES OF VARIETIES WHOSE AMALGAMATION CLASS CONTAINS 
Amal AS A SUBCLAS 


The following result gives examples of varieties as indicated in the title above. The 
varieties considered here are by no means the only ones satisfying this property. 
Let У bea variety generated by two maximal subdirectly irreducible members M 


and K where M is a finite modular lattice and K is either N or a lattice from the set 


n 
X = {L}, Lo} U {Ly 5: n € w}. 


Proposition 4.1. Amal( ./) с Amal( 7). In particular if M = lor M = 2 then 
Amal( f) is a subclass of the amalgamation class of the variety generated by a lattice 


from the set X. 
For Lemmas 4.2 — 4.4 we assume that L € X. 
Lemma 4.2. Let A є Amal( /) and let g: А - К be a homomorphism. 


(1) ИК = Lthen g(A) * N or g(A) * 2™ for some m є v. 


(2) ИК is a finite modular lattice then g(A) £ 2™ for some m € w. 
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Proof: If g(A) is а non—distributive sublattice of L; (i = 1, 2) then (А) У N for 


n 

otherwise g(A) = L.. If g(A) is a non-distributive sublattice of Lg theng(A) УМ 
for otherwise g(A) will have 3 as its image which is impossible by Theorem 2.2. 
Now if g(A) is a distributive sublattice of L, so that g(A) > 2™ by Corollary 2.3. 


(2) follows from Corollary 2.3 since g(A) is a distributive sublattice of K. 
The proof of the next lemma is trivial and left for the reader. 


Lemma 4.3. (1) Let Pi and Р, be distinct pentagons іп L such that bi € Pi and 
by € Py (see Figures 2 and 3). Then the map b, + b, can be extended to an automorphism 
a: LL such that a(P,) = Po. 

(2) Let {u>v} be a 2-subset of L. Then {u,v} can be chosen so that 
it is a 2—subset of some pentagon Р in L. Furthermore there is a co—retraction.f: L4 


{u,v} so that A(L) = P). 


Lemma 4.4. Let К = N or К = L and let M be a finite modular lattice. Assume 

that A < B = K'x МУ where A є Атај 4). 

(1) If 0 is an N—congruence on A then 0 can be extended to an L—congruence on B 

(2) If y is a 2—congruence on A then № can be extended to a 2—congruence on B. 

Proof: (1) By Jónsson's Lemma there is а filtral congruence yon B such that | 
Ф| А © 0. Furthermore if Ø is an ultrafilter on I U J which induces q then clearly 
Ie 2 so that pis a K—congruence on В. 

(2) It is sufficient to consider only К = L. Since A is a subdirect power of N 

there is an N—congruence боп A with 0c y. Let y be as in (1) so that 9| A c 0c y. 
Leth: BL bea homomorphism such that p = kerh. Then ker(fh) where f is as 


in Lemma 4.3 (2) is a 2—congruence on B which extends y. 
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Proof of Proposition 4.1 


By assumption 7 has at most two maximal subdirectly irreducible members M and 
K where M is a modular lattice and K is either N or K is a lattice from the set X. 


Ix м? for 


Let A є Amal( 4). Since every member of Yis embeddable into B = K 
some index sets I and J, it is sufficient to show, by Theorem 0.2.2 (2), that if f: Аз 
B is an embedding and g is a homomorphism from A into K or M then there is a 


homomorphism h from B into K or M such that g = hf. 


As before it is sufficient to consider only K = L. By Lemma 4.4 we have 
either g(A) 2 N or g(A) 2 2™ for some m € w. Let g(A) N and let p: B ^ L bean 
epimorphism such that kerp is an extension of kerg (see Lemma 4.4 (1)). Then h is 
either p or ap where aR L- L is as in Lemma 4.3 (1). Now assume that g(A) v 2m. 
The case m = 0 is trivial and Lemma 4.4 (2) takes care of the case m = 1. If m» 1 
then we apply the case т = 1 m times. Finally if g: А -M then g(A) > 2™ so that 


in this case the proof is the same as for g: A+ K with g(A) У 2". 
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